A Special Triangle

Investigation using DGS - dynamic geometry software

The Problem

Given a triangle 
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ABC. From vertex A, the triangle is divided by constructing three special line segments as follows: AD is the altitude to BC;  AN is the angle bisector of A, and AM is the median to BC (Fig. 1). 

Given that 
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, what is the value of
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?
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Figure 1
Note: You can use any DGS. The following analysis uses GeoGebra software. Links to short clips on YouTube are provided to demonstrate two methods of using this software.

Method A
We start by forming four equal angles between AB, AD, AN, AM, and AC.  We then complete triangle ABC so that the condition of the four equal angles being equal is fulfilled, as well as ensuring that AD is an altitude to BC. In this clip, you can see the construction of the triangle, step by step. 

Concurrently, 
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ABC' is presented in which the three special segments from vertex A — the altitude, the angle bisector and the median to BC' — are drawn. Now, dragging triangle ABC (from vertex A, or B) until both conditions are fulfilled, that is, that AC and AC' are identical, will yield the special triangle.

At this point, observe the size of the equal angles and the size of angle BAC. Based on these observations, raise conjectures and prove them by using geometrical methods, trigonometric methods, analytic geometry, and vectors. 

Watch the demonstration by the first clip: a short clip.
                                                                                               Method B
First, we construct 
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ABC with the three special segments from vertex A. The four angles between the sides of the triangle and the three special segments are marked as α, β, γ, and δ.
Now, we attempt to obtain four equal angles α, β, γ, and δ by dragging the triangle at vertex A or B. 

While dragging the triangle, there may be a point when α equals δ, and consequently, of course, β equals γ, however, not all four angles are equal (see clip). At this point, observe the size of angle BAC, raise a conjecture, and prove it. 
We continue to drag the triangle until all four angles are equal. Now observe the size of the equal angles and the size of angle BAC. Based on these observations, raise conjectures and prove them by using geometrical methods, trigonometric methods, analytic geometry, and vectors. 

Watch the demonstration by the second clip: a short clip.
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